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STYLIZED FACTS MOTIVATING the
PAPER

e Traders use the Black-Scholes formula to price plain-

vanilla options.

e Options are priced through their implied wvolatil-
oty. This is the o parameter to plug into the Black-
Scholes formula to match the corresponding market

price:
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e Implied volatilities vary with strike and maturity.

They are skew-shaped (low-strikes vols are higher
than high-strikes vols) or smile-shaped (the volatility

is minimum around the underlying forward price).



STYLIZED FACTS MOTIVATING the
PAPER (cont’d)

Consequences:

e The Black-Scholes model cannot consistently price
all options traded in a market (the risk-neutral dis-

tribution is not lognormal).

e Need for an alternative asset price model to price

exotics or non quoted plain-vanilla options.
e The model should:
— Feature explicit asset-price dynamics with a known
marginal distribution.
— Imply analytical formulas for European options.

— Imply a good fitting of market data (reasonable

number of parameters).

— Be stable enough.
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The RELATED LITERATURE

FIRST APPROACH: Alternative Explicit Dynamaics

e [t immediately leads to volatility smiles or skews.

e Examples: The general CEV process (Cox (1975)
and Cox and Ross (1976)). A general class of pro-
cesses is due to Carr, Tari and Zariphopoulou (1999).

SECOND APPROACH: Continuum of Traded Strikes
e [t goes back to Breeden and Litzenberger (1978).

e Examples: Dupire (1994, 1997) and Derman and
Kani (1994, 1998).

THIRD APPROACH: Lattice Approach

e Based on finding the risk-neutral probabilities in a
tree that best fit market prices due to some smooth-

ness criterion.

e Examples: Rubinstein (1994), Jackwerth and Rubin-
stein (1996) and Britten-Jones and Neuberger (1999).



The RELATED LITERATURE (cont’d)

FOURTH APPROACH: Incomplete Market

e Stochastic-volatility models: Hull and White (1987)
and Heston (1993) (arbitrary correlation between the

asset and its volatility).

e Jump-diffusion models: Merton (1976), Amin (1993)
and Prigent, Renault and Scaillet (2000).

FIFTH APPROACH: Market Model

e Analogous to the Market Model for interest rates

e Examples: Schonbucher (1998), Ledoit and Santa-
Clara (1999) and Brace et al. (2001).



PRICING the SMILE for RISK
MANAGEMENT PURPOSES

Assume we hold a one-year maturity call with strike 90
and underlying stock price 100. If r = 0.05 and o = 0.3,

the call price is:

BS(Sy = 100, K = 90,0 = 0.3) = 19.697
Now assume that the stock price drops to 90. The call
price becomes:

BS(Sy = 90, K = 90,0 = 0.3) = 12.808:

However, if we take into account the volatility smile:

BS(Sy = 90, K = 90,0 = 0.2) = 9.406:
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An ANALYTICALLY TRACTABLE CLASS
of MODELS

We propose a class of analytically tractable models for
an asset-price dynamics that are flexible enough to re-

produce a large variety of market volatility structures.

The asset underlies a given option market (needs not be
tradable). We can think of an exchange rate, a stock

index, and even a forward LIBOR rate.

We assume that:
e The T-forward risk-adjusted measure Q7 exists.
e The dynamics of the asset price S under Q' is
dS; = uSidt + o(t, S;)S; dWy, Sy > 0,
where p is a constant and o is well behaved.

e The marginal density of S under Q" is equal to the
weighted average of the known densities of some

given diffusion processes.



An ANALYTICALLY TRACTABLE
CLASS: the PROBLEM FORMULATION

Let us then consider N diffusion processes with dynam-

ics given by
dS; = ,uszdt + ’Ui(t, S;) dW,, Sé =50,

where v;(t,y)’s are real functions satisfying regularity
conditions to ensure existence and uniqueness of the so-
lution to the SDE.

For each t, we denote by p!(+) the density function of S/
(ph(y) is the Dirac-d function centered in S}).

Problem. Derive the local volatility o(¢, S;) such that
the Q'-density of S; satisfies

pily) = Z Aipi(y),

where \;’s are (strictly) positive constants such that

SN =1
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An ANALYTICALLY TRACTABLE CLASS
of MODELS: the PROBLEM SOLUTION

N.B. p;() is a proper Q*-density function:

/ ypi(y dy—ZA / ypi(y dy—ZA Soe! = Spe!”
0

1=1

Solution. Apply the Fokker-Planck equation (FPE)

0 0 10% , , )

_— . ——— _—— t

W) = =5 (iypw) + 55 5 (*(t, )y pe(y))
to back out o, given that the FPE holds for each basic

process as well.

Applying the definition of pi(y), the linearity of the

derivative operator and the above FPEs, we get:

Aoz (t,
dS; = pSydt + \/ZZ L U QSt) <St> Sy dW,
Zz 1A Stpt(s)

N.B. This SDE, however, only defines some candidate
dynamics leading to the marginal density py(+).
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An ANALYTICALLY TRACTABLE CLASS
of MODELS: OPTION PRICING

Let us give for granted that the previous SDE has a
unique strong solution and consider a European option

with maturity T', strike K" and written on the asset.

The option value at time ¢t = 0 is (w = £1):

O =P0,T)E" {{w(Sr— K)*}

- po.1) Tlely — K Y M)y

N +00

=S NPO.T) [ ety = KBy = A0,

i=1 0

Remark [Greeks|. The same convex combination

applies also to all option Greeks.

Remark [Why a mixture of densities?] i) if p'’s
are analytically tractable, we immediately have closed-
form formulas for European options; ii) the number of

model parameters is virtually unlimited.
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The LOGNORMAL-MIXTURE CASE

We now assume that, for each 1,

vi(t,y) = oi(t)y,

where o;’'s are deterministic, continuous and bounded

from below by positive constants.

We also assume there exists an € > 0 such that o;(t) =
o9 > 0, foreach t in [0,e] and i =1,..., N.

Remark [Why a mixture of lognormals?]

e It is analytically tractable and obviously linked to
the Black-Scholes model.

e The log-returns In(S;/5p), t > 0, are more leptokur-

tic than in the Gaussian case.

e [t works well in many practical situations. See Ritchey
(1990), Melick and Thomas (1997), Bhupinder (1998),
Guo (1998) and Alexander and Narayanan (2001).
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The LOGNORMAL-MIXTURE CASE: the
ASSET-PRICE DYNAMICS

Proposition. If we set V(¢ \/ fo u)du and

2
le)\a()v%) p{ 2V2<>[ln——,ut+1\/2(>] }
N oy 1 o]’
\ Zizl AZVZ—@) CXp { 2V2( ) |:1Il— - :ut + V ( ):| }
for (t,y) > (0,0) and v(0,.Sy) := o for, the SDE
dSt /LStdt -+ (t St>Stth,

has a unique strong solution whose marginal density is

1 Yy 17,2 :
Z)\th\/fexp{—W [lngo_“t+§‘/i (t)] }

1—1

V(tvy) -

N.B. We notice that for (¢,y) > (0,0)

N
— Z Az(ta y) 02 t
1=1

where, A;(t,y) > 0 and sz\il Ai(t,y) = 1. Therefore:

0<o<v(ty <o<-+oo foreacht,y > 0.
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The LOGNORMAL-MIXTURE CASE: the
ASSET-PRICE DYNAMICS (cont’d)

Proof. The prootf is based on the Theorem 12.1 in
Section V.12 of Rogers and Williams (1996).

We write Sy = exp(Z;), where
1
dZ, = [,u — 502 (t, eZ’f)] dt + o (t, eZt) dW,,
The coeflicients of this SDE are bounded, and hence

satisty the usual linear-growth condition.

Setting u(t, z) := o(t, e*), we have that %f(t, z) is well
defined and continuous for (¢, z) € (0, M| x IR, M > 0

(continuity of o; and V;), and (u is constant for ¢ € [0, €])

ou?
fim 5 (82 =0

The derivative 2% (t z) is thus bounded on each compact
set [0, M| x [— M M], and so is a“(L‘ z) = 2u(t Z) (t 2)

since ¢ is bounded from below. Hence, wu is locally Lip-

schitz.



15

Theorem 12.1 in Section V.12 of Rogers and
Williams (1996)

Suppose that the coefficients o and b in the SDE
dX; = b(t, Xy)dt + o(t, Xy)dW;
are such that for each N there is some Ky such that:
o(s,2) —o(s,y)| < K|z -y
[b(s, z) = b(s, y)| < K|z -y

whenever max(|z|, |y|) < N and 0 < s < N. Suppose
also that for each constant 1" > 0, there is some C7 such
that, for 0 < s < T,

o (s, )|+ |b(s, )| < Cr(1 + |z])

then the above SDE is an exact SDE.
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The LOGNORMAL-MIXTURE CASE:
OPTION PRICING

Proposition. The time-0 price of a European option

with maturity T', strike K and written on the asset is

N S 1,2
=2+ (u+5n7) T
O =wP(0,T) Z Ai | Soet T df w il Ut U1}
i=1 nz\/T

S
K ujlnfo + (,LL — %7722) T
Ui\/T

where w = 1(—1) for a call (put), and n; := %

Y

For each T', the implied volatility is smile-shaped:

Figure 1: p = .035, T=1, (Vi(1), Va(1), Va(1)) = (.5, .1,.2), (A1, Ao, As) = (-2, .3, .5), So = 100.
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The LOGNORMAL-MIXTURE CASE: the
IMPLIED VOLATILITY

Definition. Defining the moneyness m by

S0
= In— T
nK—i-,LL,

the Black-Scholes volatility 6(m) that, for a given T,
is emplied by the above option price is implicitly given
by

P(0,T)Spe” [@(m ;-(ig(\r/n%2T) N em®<m ;(;(;)(\/T)QT”

- P(@T)Sa@“Tf;Ai () (A

Proposition. The Black-Scholes volatility implied by

the above option price is (neglecting o(m?) terms):
i

where the ATM—forward implied volatility ¢(0) is

5(0) = %@—1 (i: AP Gnﬁ) ) .
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SHIFTING the DISTRIBUTION

Let us define a new asset-price process A by:
A, = Agoe + S,

where «v 1s a real constant.

By Ito’s formula, we immediately obtain:

dA; = pAdt + V(t, A — Aoae“t) (A — Agae)dW,.

Some possible densities
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Figure 2: The density function p(x) of Ar for the different values of a € {—0.4, —0.2,0, 0.2},
where we set Ag = 100, = 0.05, T'= 0.5, N =3, (m(T"),n2(T),n3(T)) = (0.25,0.09,0.04)
and ()\1,)\2,)\3) = (08,0].,0].)
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SHIFTING the DISTRIBUTION: OPTION
PRICING

Proposition. The time-0 price of a European option

with strike K, maturity T and written on the asset is

2+ (p+3n2) T
O = wP(0 EjA Aot d 2
“ P [06 < iV T

A
o ST (o) T
m\/T
where K = K — Agae!?| Ay = Ay(1 — ). Moreover:

)

Zi\; Aﬂ)(—%mﬁ) - %
am)= d(0)+ « %6_%&(0)% m

1 1 >\Z l( (0)2 2)T 1

_ _ " p8& g nz _
3T —a) z_; _— 5(0)T

2

a? sz\; Aid (—%mﬁ) —3 5 5

+ IO’(O T Le—%dO)QT m- + 0<m )
V2r

where the ATM-forward implied volatility (0) is now

) 2 ~ 1 a
a(0) = ﬁ(b <(1 — ) ; A @ (577@@) + 2> .
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SHIFTING the DISTRIBUTION: the
IMPACT of o

Decreasing «, the variance of the asset-price at each time

increases while maintaining the correct expectation:

B(A,) = Aget

N
Var(4y) = A3(1 — )2 [ 37 N!0 -1

1=1

e o concurs to determine the implied-volatility level.

e o moves the strike where the volatility is minimum.
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Figure 3: Ay = 100, = 0.05, N =2, T' =2, K € [80,120]. Left: implied volatility curve
for (m (T),no(T)) = (0.35,0.1), (A, A2) = (0.6,0.4), @ € {0, —0.2, —0.4}; Right: implied vo-
latility curve for (A1, A2) = (0.6,0.4) in the three cases: a) (. (7)), 72(T")) = (0.35,0.1), o = 0;
b)(m(T),n2(T)) = (0.110,0.355), a = —0.2; ¢)(m(T"), m2(T)) = (0.098,0.298), o = —0.4;
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APPLYING the MODEL in PRACTICE

The asset is a stock/index.
e Assume constant interest rates (all equal to r > 0),

and set ;4 = 17 — ¢ (q is the dividend yield).

e Pronounced skews can be produced (but not highly

steep curves for very short maturities).

The asset is an exchange rate.

e Assume constant interest rates, and set p=r—ry

r¢ is the foreign risk-free rate).
f g

e [ixchange rate volatilities are typically smile-shaped.

The asset is a forward LIBOR rate.
e The forward LIBOR rate at time t for [S, T is

1 [P(t,S)
P81 =267 [P<t,T> - 1] ’

where 7(.5,T) is the year fraction from S to T

e Since F'(+, S, T) is a martingale under Q' set u = 0.
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The CALIBRATION to MARKET DATA

General comments

e The (virtually unlimited) number of parameters can

render the calibration to market data very accurate.

e When minimizing the “distance” between model and
market prices, the search for a global minimum can

be cumbersome and inevitably slow.

e The use of a local-search algorithm speeds up the cal-
ibration process (in practice, it is advisable to com-

bine the two searches).

Getting ready for a calibration

e Assume we have M option maturities 77 <. ..<T)y,.
o Setv; j :i=mn(Tj)fori=1,...,Nandj=1,..., M.
e Impose the constraints v; j11 > v; ; \/m, Vi, J.
e More constraints: K > Agae!!, for each “traded” K.
e We may assume that v; ; = v; > 0.

e [t is enough to set N = 2,3 in most applications.
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FIRST EXAMPLE of CALIBRATION to
REAL MARKET DATA

Data: two-year Euro caplet volatilities as of November
14th, 2000 (LIBOR resetting at 1.5 years).

We set: N =2, v, :=n(1.5), 1 =1,2, Ay = 1 — Ay
We minimize the squared percentage difference between
model and market (mid) prices. We get: A\; = 0.241,
Ao = 0.759, v1 = 0.125, v9 = 0.194, o = 0.147.

0.158

— Market volatilities
—— Calibrated volatilities

0.157}

0.156

0.155¢

0.154f

0.153¢

0.152f

0.151f

0.15 | | | |
0.04 0.045 0.05 0.055 0.06 0.065
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SECOND EXAMPLE of CALIBRATION to
REAL MARKET DATA

Data: Italian MIB30 equity index on March 29, 2000, at
3,21pm (most liquid puts with the shortest maturity).

We set N=3, v;:=n;(T) (i1=1,2,3), Ag=1 =1 — Ao
We minimize the squared percentage difference between

model and market mid prices. We get: A; = 0.201, Ay =
0.757, v1 = 0.019, vy = 0.095, v3 = 0.229, o = —1.852.

0.4 5

.. == bid volatilities
0.3750\ . - = ask volatilities
N —— calibrated volatilities

0.35F
0.325¢
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39000 41000 43000 45000 47000 48500
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THIRD EXAMPLE of CALIBRATION to
REAL MARKET DATA

Data: USD/Euro two-month implied volatilities as of
May 21, 2001.

We set N =2, v; :=n;(0.167) (i =1,2), g =1 — A1.
We minimize the squared percentage difference between

model and market mid prices. We get: Ay = 0.451,
v1 = 0.129, vy = 0.114, o = 0.076.

0.1155

— market volatilities
— calibrated volatilities

0.115f

0.1145

0.114f

0.1135

0.113f

0.1125¢

0.112f

0.1115 ‘ ‘ ‘ ‘
0.82 0.84 0.86 0.88 0.9 0.92 0.94
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APPLICATION to the FORWARD-LIBOR
MARKET MODEL

Proposition. The dynamics of Fy := F(-;Tp_1,T})
under the forward measure Q' in the three cases 7 < k,

1 = k and ¢ > k are, respectively,

1< k, t<T;:

dFy(t)=vi(t, Fi(t)) Fy(t Zpk]TjV]( (z) <)t

fard 1+ 7, F;(t)

+ (e, Fii(t)) Fi(t) dZi(2),

1= ]f, t S Tkz—l .
dFk(t) — Vk(t, Fk(t»Fk(t) de<t),
7 > IZC, t < Tk 1 -

AEL (1) = —vp(t, Fy(t) FL(t) ZpijjlyjitT;j<Z§Fj<t)dt

j=k+1
+ vi(t, Fi(t)) Fr(t) dZi(t),
where Z = Z' is a Brownian motion under @*. All the

above equations admit a unique strong solution.
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FURTHER EXTENSIONS: a
LOGNORMAL MIXTURE with
DIFFERENT MEANS

Let us consider the instrumental processes
dS; = p;(t)Sidt + o;(t)S;dW;, S, = S,
and look for a diffusion coefficient (-, -) such that
dS; = pSidt + (t, St)SdW,
has a solution with marginal density p;(y)=> 7", \ipi(y).

Denote by v(t, S;) the solution of the analogous problem
when the basic processes have the same drift u:
= Xioi(t)p;
V(t,y)Q _ Zz:lm ag ( 2 pt(y)
D izt Aipi(Y)

It is then possible to show that

2 ._ , 220 M) — ) [ pi(x)da
Hhm e YRR

[t is also possible to prove that (-, -) has linear growth

and does not explode in finite time.
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FURTHER EXTENSIONS: the CASE of
HYPERBOLIC-SINE BASIC PROCESSES

Consider now the instrumental processes, 1 =1,..., N

)

50) = o) snn | o)WV, — L], si0)=s

where «;’s are positive functions, L;’s are negative con-

)

stants and
SO ehit— 2 0 ?(u)du

Bilt) = sinh(—L;)

N.B. S; is an increasing function of a time-changed

Brownian motion.

The SDE followed by each S, is given by
AS,(t) = pSi(£)dt + a(t)y/ B2(t) + SHt) IV,

Setting A;(t \/ fo u)du, the time-t marginal den-

sity of S; is
2
exp{—mzlg(t) [L + sinh™ (@())} }
i Y |

Ai(t)V2m /B (t) + 37

pi(y) =
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The CASE of HYPERBOLIC-SINE BASIC
PROCESSES (cont’d)

A straightforward integration leads to the call price:

S() GMT
2 Sth(—LO

- chap(T) - A(T)]) - Ko(u(1)

T, K)=P0.7)| (e 50f(T) + A(T)

where we set

_ L Li _ . sinh ™! o
yi(T) == Ai(T)  A(T) . (@(T)>

This price leads to steeply decreasing implied volatilities:

0.04 0.045 0.05 0.055 0.06 0.065 0.07 0.075

Figure 4: We set, T'=1, A;(1) = 0.01, L; = —0.05, x = 0 and Sy = 0.055.
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The CASE of HYPERBOLIC-SINE BASIC
PROCESSES: OPTION PRICING

The previous general results on densities-mixture dy-
namics immediately yield the following SDE:

dS(t) = uS(t)dt + y(t, S(t)) AW,

x(t,y) =

a2 (t)/ Bi(t)>+y? N
z@'N:1 i 0 Ait()t) Al exp{—mé(t> [Lﬁ—smh 1( 4

?

\

N A 1 , w1y
2 int A/ Bi(t)2+y2 exp{ 2A2(t) [LZ + sinh ( i

The associated option price (mixture of the option prices

associated to the basic processes) leads to steep skews:

0.18

0.17f

0.161

0.15f

0.14|

0.13f

0.12f

0.11f

01 Il Il Il Il
0.03 0.04 0.05 0.06 0.07 0.08

Figure 5: Weset, T'=1, N = 2, (A;(1), A3(1)) = (0.01,0.04), (L1, L2) = (—0.056, —0.408),
(A, o) = (0.1,0.9), g =0 and S = 0.055.



