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Abstract

In this document we show how to price options on two Libor rates belonging to
two different currencies (the former is domestic, the latter foreign). To this end, we
explicitly derive the dynamics of the foreign rate under the domestic forward measure
associated to the rate maturity.

We then consider the fundamental case of an option written on the spread between
the two Libor rates and derive closed form formulas for both the “up-front” and the
“in-arrears” cases. Explicit formulas are also derived for options on the product of
the two rates as well as for trigger swaps.

1.1 Assumptions and Definitions

Given a domestic market and a foreign market, let us assume that the term structures
of discount factors that are observed in the domestic and foreign markets at time t are
respectively given by T +— P(¢,T) and T +— P/(¢,T) for T > t. Let us denote by X(t) the
exchange rate at time ¢ between the currencies in the two markets, in that 1 unit of the
foreign currency equals X' (¢) units of the domestic currency.

Given the future times T;_; and T;, i = 1, ..., n, the domestic and foreign forward rates
at time ¢ for the interval [T;_,T;] are, respectively,

P(ta 71',1) — P(t> 7—;)
TiP(t, T‘Z)
PI(t,Ti-y) — P/(t,T5)
Tin(ta T‘%)

E(t) = F(t; 1521, T) =

F/(t)=F/(4;T,1,T)) =
where 7; is the year fraction between times T;_; and T;, which is assumed to be the same

in both markets.
Denoting by Fy(t,T;) the forward exchange rate at time t for maturity 73,

PI(t,T;)
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and assuming constant (proportional) volatilities, the two forward rates evolve under the
domestic forward measure Q" according to (see Brigo and Mercurio, 2001, Sections 6.3 and
11.4)

dF] (t) = F!(t)[ — popao] dt + of dW/ (1)],

where W; and W/ are two standard Brownian motions with instantaneous correlation p;,
p is the instantaneous correlation between Fy(-,T;) and F/(-), and opy is the assumed
constant (proportional) volatility of the forward exchange rate Fx(t,T;):

dFx(t,T;) = opx Fx(t, T;) dWx(t),

where Wy is a standard Brownian motion under Q¢, with dWa (£)dW/ (t) = pdt.!

Let us consider a derivative whose payoff at time T} is a function g(Fy(T,_y), F/ (T;_1)).
By formula (2.21) in Brigo and Mercurio (2001), the no-arbitrage value at time ¢ of such
a payoff is

(2

where E' denotes expectation under Q° and F; is the o-field generated by the pair (F;, Fif )
up to time t.

1.2 Spread Options

A spread option on the two Libor rates L(T;_1,T;) and L/ (T;_,,T;) is a derivative paying
off at time T;, in domestic currency,

2

+
N (LT, T) = L (T, T) + K)| = nV [w(B(T) - FA(To) + K)| 7, (2)
where N is the nominal value, K is the contract margin and w = 1 for a call and w = —1
for a put.

An “in-arrears” spread option pays off the same quantity at time 7;_;. This is equivalent
to paying off at time T;
(2

nN [w(FTin) = FY (1) + K)] T (14 mE(T). (3)

The two payoffs (2) and (3) can be summarized into

(2

7N [W(Fi(Ti—l) — F/(Ti-1) + K)]+ (1+¢7F(Ti-)), (4)

where i) = 1 for the “in-arrears” case and 1) = 0 otherwise.

I'Notice that Fiy is a martingale under Q°.
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Proposition 1.1. The no-arbitrage value at time t of the payoff (4) is given by

+oo

LSO(t7E—177—Z&77—i’N7 K7w7w) = TZNP(taﬂ)/

1 1
N \/%e 2 [1+¢Ti(h(v)—K)]f(v)dv,

()

where

Ff (¢
lnhl(—z())) + py + pioyv + o (1 = p7)
w

oy\/1 = pf

f<v> = _wF’Zf (t)eﬂy+p¢0yv+%o-§(1ip?)® B

Fi
In Tz(})) + fy + pioyv

Lin(v)>0}
oy 1 — p?

+ 30 = )L pyzoy [h(e) + FY (pemvtoomwsioii-e?]

+wh(v)P| —w

with 14 denoting the indicator function of the set A, ®(-) denoting the standard normal
cumulative distribution function, and

h(v) = K + Fj(t)et=to=v

_ 1_2
Hz = —350,

_ f 1.2
,uy——pO'FXo'iT—iOy
O'x:O'i\/F

_ f
O'y—O'i\/;
T:nfl—t

Proof. By formula (1), the no-arbitrage value at time ¢ of the payoff (4) is

NP T)E { [o(F(To) ~ FT) 4 K)) (e onB@)5) . ©)
Defining
L R(TL)
X:=In T(t)’
Y;:mfzgﬁﬁ,
F/ (1)

the joint density function fyy of (X,Y’) under the measure Q' is bivariate normal with
mean vector and variance-covariance matrix respectively given by

2
{ fopm PiT L0y

2
PiTz0y o
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that is

1 () ~onperzn o (1)
fxy(z,y) = exp
xv(2,9) 2m0,0y\/ 1 — p? 2(1 - p7)

It is well known that

fxy (@, y) = frix(z,y) fx(2),
where
2(1 = pj)

exp | —

1
LN

o) = e | - (S0

x) = exp | —= .
X oLV 2T P 2 Oz
The expectation in (6) can thus be written as

/_ﬁ" (14 y7iFi(t)e”) [ /+°° (wﬂ(t)ez —wF/ (t)e! + w K)+ Frix(@,7) dy] fx(x)da

[e.9] —00

The expression between square brackets can be calculated analytically by distinguishing
two cases:

1. F;(t)e* + K <0.
If w = 1, the expression is equal to 0 (the positive part of a negative number is zero).

If w = —1, instead,
+oo

PJ:_E@ﬁ—K+ﬁ@/ e’ fyix(x,y) dy

—00

~Fy(t)e" — K + Ff (t)emv o T +aii=ed)

2. Fi(t)e” + K > 0.
Set K := Fy(t)e* + K and @ := —w. Then

[} - /_+OO <@Fif(t)ey —J)K>+fy|x($,y) dy

In F/(¢

)
= WF/ (t)ervtriov = taoi(-mp| L Ttk T My + pioy 2 + oy (1= pf)

oy\/1 = pf

F(t
In ()egﬂ-)‘,-K +,uy+p10y oy

y\/l_pz'

by formula (B.1) in Appendix B of Brigo and Mercurio (2001).

—G(Ft)e” + K)®| &

Finally, to obtain (5), we simply have to set v := (x — ;) /0. O
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1.3 Options on the Product

The second example we consider is that of an option written on the product of the two
Libor rates L(T;_y,T;) and LY (T;_1,T;), whose payoff at time T}, in domestic currency, is

+

AN [o(L(Tia, TYL (T, T) — )] = mV (R E (1) - K)] . @)

where N is the nominal value, K is the strike price and w = 1 for a call and w = —1 for a
put.

Proposition 1.2. The no-arbitrage value at time t of the payoff (8) is given by
LP(t,T;—1,T;, 7, N, K,w) = ;NP(t,T;)

1 EOF/(

20O 1 2pi0i0] — porxol + 402 + (0])r

. wFi(t)Ef (t)e[—PUFXUf-ﬁ-piUN[]T(I) w
\/[03 + (o)) +2pi050] 7

1 FOF @

o OO ool 1 d02 4 b0l

VIo? + (012 + 20,00 )7
(9)
Proof. Since
FU(To ) FY (T ) = Fi(8)FY (#)e-eoraol +5ot+ 3D oWl - Wisol W (1) -w/ (0]
we have that, under @,
In [E(ﬂfl)ﬂqTifl)’ft} ~ N(M,V?),
M =W[Et)F (t)] = [porxo! + 102 + Lol ),

7 2 7

V = \/[02.2 + (612 4+ 2pio,0] 7.

To obtain (9), we simply have to remember (1) and apply formula (B.1) in Appendix B of
Brigo and Mercurio (2001). O

1.4 Trigger swaps

The final example we consider is that of a swap where, in one leg, different payments are
triggered by different levels of either the domestic or the foreign Libor rates.
In formulas, a leg of the trigger swap pays off at time T}, in domestic currency, either

7N [(CLE(TH) +F (Tio) + ) 1{wFi(Ti_1)sz}] (1+ ¥ Fi(Tiy)), (10)
or, in case the payment is triggered by the foreign rate,

iV [(an‘(Ti—l) +OF(Tiy) + C)l{wFif(Ti_l)sz}] (1 +v7F(Tim)), (11)

bt
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where N is the nominal value, a, b, ¢ are real constants specified by the contract, w is either
1 or —1, ¢ =1 for the “in-arrears” case and ¢ = 0 otherwise.

Proposition 1.3. The no-arbitrage value at time t of the payoff (10) is given by

In £:t) + 1527
TSD(t, T;_1,Tj, 7i, N, K,w, ) = nNP(t,T;) | (a + cr;) Fy(1) | w—=E& \/_2 :
Oi\NT
2 In B8 4 352, In &0 152
+ apTi FP(t)e” i T w—E 2 | e w—E 2
O'i\/F O'z‘\/? ( )
12
In £ 4 oi0) — 1o2] 1
it Dol
O'i\/?
In &8 4 [poi0! + Lo2]7
T () FY (t)el-porxol ool ]T<I><w it lpoioi + 501] .
Ui\/F
The no-arbitrage value at time t of the payoff (11) is instead given by
f
InEZY  [popy + 2allolr
TSF(t,Ti_1, T}, 71, N, K, w, ) = NP(t,T)) | cd| w—E [pf” 2910
0; VT
f
InZ® _ [popy + Lol — oilol T
+ (a + ) Fi (1)@ w—=E& P Fxf 5% — o]l
ol\T
!
2 In @ _ (5o + 1ol —2p05)0l T
+avm (et I 1P e T Jo (13)
ol\T
0] f

In == + [—papx—i-%aﬂaiT
ol /T

7
In FiK(t) + [ = popx + %a{ + pioi] azfr

azf NG
Proof. The proof is quite similar in spirit to that of Proposition 1.1 and is therefore omitted.

The only difference is that here the outer integral, in both cases, can be explicitly calculated,
too. O

+ bF;f(t)e’p"”"szq) w

+bur Fy(t) F (t)elerrxeirooelirg|
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